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Abstract 

We classify the supersymmetric vacua oi J\f = A, d — 5 supergravity in terms of G-structures. 
We identify three classes of solutions: with R^^, SU(2) and generic SO (4) structure. Using 
the Killing spinor equations, we fully characterize the first two classes and partially solve the 
latter. With the A/" = 4 graviton multiplet decomposed in terms oi Af = 2 multiplets: the 
graviton, vector and gravitino multiplets, we obtain new supersymmetric solutions corresponding 
to turning on fields in the gravitino multiplet. These vacua are described in terms of an S0(5) 
vector sigma-model coupled with gravity, in three or four dimensions. A new feature of these 
J\f — 4 vacua, which is not seen from an A/" = 2 point of view, is the possibility for preserving more 
exotic fractions of supersymmetry. We give a few concrete examples of these new supersymmetric 
(albeit singular) solutions. Additionally, we show how by truncating the Af = i, d = 5 set of 
fields to minimal supergravity coupled with one vector multiplet we recover the known two- 
charge solutions. 



1 Introduction 



One of the most important principles underlying much of physics is the use of symmetries as a means 
of classifying and understanding physical phenomena. This is especially true in the theoretical 
realm, where the use of standard symmetries such as Lorentz and gauge invariance has played a 
key role in the development of quantum field theories of the Standard Model and beyond. Along 
these lines, the use of supersymmetry has been at the forefront of many recent explorations into 
both formal string theory as well as string and particle phenomenology. After all, supersymmetry 
is a natural extension of the Poincare symmetry of spacetime, and furthermore may be argued to 
be a natural ingredient of any realistic theory of quantum gravity. 

Given an underlying supersymmctric theory, it is of course expected that many interesting vacua 
or configurations may break some or all of the supersymmetries. In fact, it is precisely the BPS 
states, namely the configurations with partially broken symmetry, that are of much interest in the 
field. This is because potential corrections to these objects arc much better controlled, whether 
through multiplet shortening or related non-renormalization theorems. As a result, BPS states 
are an important tool in the study of strong/weak coupling dualities, where otherwise one would 
naturally expect large corrections to appear. 

Through the use of duality, BPS objects such as black holes and branes often have multiple 
descriptions. On one side of a duality, they may be constructed as exact solutions within a particular 
supergravity framework, while on the other side they may be fundamental strings, D-branes or other 
such objects. Prom this point of view, the construction and classification of exact BPS solutions 
has certainly given rise to many important advances. This is especially true in the development of 
our understanding of D-branes and the counting of black hole microstates, both of which depended 
greatly on the existence of corresponding supergravity solutions. 

In addition, the classification of supersymmetric vacua is of current interest in the program 
of mapping out the string landscape. Ideally one would like to be able to answer the question of 
what string, brane or flux compactifications are possible that lead to realistic = 1 models in 
four dimensions. While this has been answered in the conventional perturbative heterotic picture 
by SU(3) holonomy {i.e. Calabi-Yau) manifolds, less is known in the presence of fluxes and branes. 
Nevertheless, progress is being made in this direction, and much of that has been due to better 
understanding of fluxes and G-structures. 

Much of the recent work on classifying and constructing supersymmetric configurations involves 
the invariant tensor analysis originally developed in [1,2] and further developed in [3-6]. In this 
analysis, one first postulates the existence of a Killing spinor e. Given such a Killing spinor, one 
is then able to construct a set of invariant tensors formed out of spinor bilinears. The existence of 
such invariant tensors ensures the existence of a preferred G-structure. This G-structure, along with 
its intrinsic torsion classes then provides a framework for the classification of all supersymmetric 
solutions. To proceed to an actual construction, one must examine the 'differential relations' which 
follow from the actual Killing spinor equations. Here we note that solving these relations to arrive 
at an explicit field configuration is often the most challenging step in the construction. Finally, as 
partially broken supersymmetry does not necessarily imply the full set of equations of motion, one 
may have to examine an appropriate subset of them to complete the construction. This is generally 
the origin of the resulting second order 'harmonic function' equations. 

The invariant tensor analysis has been particularly fruitful in theories with eight supercharges. 
This includes four-dimensional A/" = 2 ungauged [1,2] and gauged [7,8] supergravity, five-dimensional 
M = 2 (minimal) ungauged [4] and gauged [9-11] supergravity, and six-dimensional M = (1,0) 
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ungauged [12] and gauged [13] supergravity. The classification in terms of G-structures is also 
reasonably well developed for eleven dimensional supergravity, with 32 supercharges. However, the 
actual construction of all possible solutions is a great technical challenge in the models with more 
supersymmetries, as there are many more bosonic degrees of freedom that must be pinned down. 
One way to overcome these difficulties is to impose additional isometrics on the BPS solutions. This 
method has been used to great success in the bubbling AdS work of [14]. However, this still leaves 
open the question of what is the full class of solutions without any restriction on the isometrics. 

Given a well developed set of techniques applied to theories with eight supercharges, it is then 
natural to explore the construction of all supersymmetric solutions in theories with 16 supercharges 
as an intermediate step on the way to theories with 32 supercharges. Proceeding towards this goal, a 
G-structure classification for seven-dimensional supergravity was given in [15,16], and a construction 
of all supersymmetric configurations of = 4 ungauged supergravity in four dimensions was 
recently given in [17]. 

In this paper, we continue the study of theories with 16 supercharges by constructing all su- 
persymmetric solutions to A/" = 4 ungauged supergravity in five dimensions. This theory is in fact 
closely related by dimensional reduction to J\f = 4 supergravity in four dimensions, which was 
investigated in [17]. However, the present five-dimensional case is somewhat more general, and we 
find that solutions break up into three classes, namely those with either: i) a timelike Killing vector 
and SU(2) structure, ii) a timelike Killing vector and S0(4) structure, or in) a null Killing vector 
and structure. All such solutions are characterized by an SO (5) sigma model corresponding to 
a vector (a = 1, . . . , 5) with unit norm. In the rigid (constant u"") case, the generic solution pre- 
serves 1/4 of the supersymmetries, although special configurations preserve either 1/2 or all of the 
supersymmetries. This rigid case admits a natural M = 2 interpretation in terms of supergravity 
coupled to a single vector multiplet. 

The non-rigid cases (whether for timelike or null Killing isometrics) are rather more unusual, 
as they have no direct correspondence in the M = 2 theory. Prom an A/" = 2 perspective, these 
cases correspond to exciting the gauge fields in the gravitino multiplet. As a result, they give rise 
to true AA = 4 configurations. Furthermore, it appears that these non-rigid solutions may preserve 
any of 0, 1, 2, 3, 4, 6, 8 or 16 of the = 4 supersymmetries. We present some examples, although 
we have yet to find a completely regular solution in this class which is free of all singularities. 

In the following section, we review the AA = 4, (i = 5 ungauged supergravity theory and proceed 
to construct the spinor bilinear s. Use of the Fierz identities allows us to deduce the G-structure 
classification indicated above. In Section 3, we specialize to the timelike Killing vector case and 
present a complete investigation of the solutions preserving a SU(2) structure and say a few words 
about the S0(4) structure case. Following this, we take up the null case in Section 4. Finally, we 
conclude in Section 5 with a few concrete examples of non-rigid solutions. Some of the technical 
details are relegated to the appendices. In particular. Appendix A contains a set of important 
Fierz identities, and Appendix B tabulates the differential identities following from the Killing 
spinor equations. 

2 jV = 4 supergravity and G-structures 

Five-dimensional A/" = 4 supergravity was first constructed in [18], and is formulated in terms of a 
five-dimensional USp(4) symplectic Majorana spinor e*. In the minimal ungauged case, the bosonic 
fields consist of a metric, a scalar 0, and six abclian gauge fields and (with field strengths 
i^i^^' and G^u), transforming under USp(4) as the 5 and 1, respectively. The fermionic fields are 
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comprised by the four gravitini and the four dilatini x% both of which transform as the 4 of 
USp(4). 

Up to terms quartic in fermions, the Lagrangian is 



i 

16 



(2.1) 



where we have rescaled some of the fields of [18]. Note that we work with signature (—,+,+,+,+). 
The supersymmetry transformations are given by 

5e^ = ^e-T>^,, (2.2) 

S4> = -^e'xi, (2.3) 

6B, = -Le^^e-T^x. " ^eTS^eV^,, (2.5) 

S^^i = V^e, + 3^F,,ye7S^ [V/- - 4<5^r-) + ^Gpae"^"^ (r/'^ - 4,5^r-) e^, (2.6) 

SX^ = -^d^^V^e, + -LeTS V,,,,r''-e^- - -l=e-^'^Gp<,r'"^6„ (2.7) 

up to three- fermi terms in the gravitino and dilatino variations. Here Vtij is the real antisymmetric 
USp(4) invariant tensor satisfying ^l^^Qjk = —(5^. In particular, flij is used to raise and lower the 
USp(4) indices according to the northwest-southeast rule 

V' = n'^Vj, Vi = v^nji. (2.8) 

All spinors are symplectic Majorana, obeying 

V = {\YC, (2.9) 

where A* = (Ai)*ro, and C is the real antisymmetric charge conjugation matrix. It is also useful at 
this stage to note the Majorana flip condition 



X 



jpMi---Mn;^J _ _^_-)n(n-l)/2 ■j^:/-p//i---//n^i_ (2.10) 



In what follows, we find it convenient to use the isomorphism between the USp(4) and S0(5) 
groups to convert the USp(4) valued indices i = 1,...,4 to S0(5) ones a = 1,...,5. This 
may be accomplished by introducing a set of matrices T"-^j satisfying the SO (5) Clifford alge- 
bra {r",r''}'j = 2S°'^Sj. This allows us to convert expressions with USp(4) index pairs into ones 
involving purely vectorial S0(5) quantities. 
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2.1 Construction of the invariant tensors 



Following [3-6], for a purely bosonic background, we first assume the existence of a commuting 
Killing spinor e* satisfying the Killing spinor equations 

(^V/.* = 0, <5xi = 0, (2.11) 

where the gravitino and dilatino expressions are given by H2.6|) and H2.7|l . respectively. Given such 
a spinor, we may construct a complete set of invariant tensors formed out of bilinears of e*. In 
terms of irreducible USp(4) representations, we define the following bispinors: 

= u'T^e^. (2.12) 

The factors of i have been inserted so that the bispinors are real-valued tensors, and the (anti-) 
symmetry properties follow from the Majorana flip relation (12.10(1 . 

We note that the total number of bispinor components is given by counting the number of 
elements in the matrix ej^e^, which is symmetric under the interchange of the combined indices 
(i,a) with (j, /3). This comes out to 136, which equals the number of components in (|2.12|) . More 
explicitly, the scalar / and one-form K are USp(4) singlets, while the scalars f^^ and one-forms V^^ 
transform in the 5 of USp(4), and the two-form belongs to the 10 representation. As indicated 
above, we prefer to use a S0(5) notation for the bispinors 

(2.13) 

in which case the 5 and 10 of S0(5) is manifest. Since the underlying spinor e' contains only 16 real 
components, not all 136 components of the above tensors are independent. As a result, there are 
numerous algebraic identities (derived through Fierzing) relating the above tensors to each other. 
An important set of such algebraic identities is presented in Appendix A. 



2.2 The G-structure classification 

For a pure geometry solution, any time the background admits a Killing spinor e satisfying V^e = 0, 
there is an associated Killing vector of the form (eF'^e). This guarantees the existence of at least 
one isometry associated with (partially) unbroken supersymmetry. In the present case, it is easy 
to show that, even in the presence of additional fields, the vector K^^ defined in (|2.13() remains a 
Killing vector, as it satisfies the Killing equation (|B.28() . Furthermore, as demonstrated at the end 
of Appendix B, this isometry of the metric extends to the entire solution. 

The preferred Killing vector plays a fundamental role in the identification of the structure 
group from the invariant tensors. To proceed, we note that the norm of is easily obtained 
through the Fierz identities. In particular, expression ()A.3|) . namely 

K^K^ = -irn, (2.14) 

demonstrates that the Killing vector is either timelike or null (as expected for supersymmetric 
backgrounds). The classification thus splits into two cases. 
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2.2.1 The timelike case 

For the timelike case, we take \K\^ = — (/")^ < 0. In this case, the S0(5) vector defined by /" is 
non-vanishing, and may be used to parameterize the breaking of S0(5) into S0(4). We make this 
exphcit by defining the projection 

nf = S''^ - u'^u'', (2.15) 

where u"" is the normahzed SO (5) vector u*^ = /"/|/"|. This projection allows us to decompose the 
one-forms under 5 — > 4 + 1 as 

l^; = n%«+y^(^)", (2.16) 

where V^'^'' = ti'^V^" and V;i^^" = UfV/^. Use of the Fierz identity (ICT . namely /K^ = /"V^", then 
shows that V^^^'' is aligned with K^. This gives 

K = {^K^ + Vi'^^- (2-17) 

Furthermore, projecting HA.8|) onto S0(4) demonstrates that ixV^'^^'^ = 0. This indicates that 
the above decomposition of is onto the timelike direction specified by and its orthogonal 
spacelike hyper planes. 

The S0(4) valued one-forms V^^^" furthermore satisfy the conditions 

yiA)ayiA)a ^ {(ff-f){g^^-K^Kj\K\''), (2.18) 

which arise from the Fierz identities ()A.12|) and HA.14|) . Note that, by taking one additional 
contraction of either equation, we see that \vi'^^\' = 4{{rf-f). Since are everywhere 

spacelike (or vanishing), we are led to deduce that 

ir? > f. (2.19) 

Furthermore, the V^'^^ must vanish identically when this inequality is saturated. 

If desired, we may make an explicit choice of coordinates so that K^d^ = dt- This allows us to 
express the five-dimensional metric as a foliation of four-dimensional hypersurfaces 

ds^ = -{n\dt + Lof + — =L=/i„„dx'™dx", (2.20) 

In this case, the one-form associated with is simply K^dx^ = — (/")^(dt + u;). However, we note 
that the following discussion is completely general, and does not depend on any particular choice 
of coordinates. 

Turning next to the two-form we again use u"' to project it onto invariant S0(4) components 

(^ab ^ ^a^{4) b _ yb^iA) a _^ ^(6) ab ^ (2.21) 

under 10 — > 4 + 6. As above, the 4 and 6 can be disentangled by projecting with combinations of 
114''. Combining this S0(5) decomposition with the Fierz identity ()A.2H) . we find that 

^ab ^ _J^J^ y{4) b ^ yi4) a ^ ^(6) ab ^2.22) 



5 



The components valued in the 6 of S0(4) satisfies i^^^^^"''^ = 0, and hence live on surfaces orthog- 
onal to K'^. In fact, contraction of ()A.21|) with K'^ yields a condition 

(/c)2$(6) _ l^ahcde J jc^{Q) de ^ ^^-^ ^ y{A) a ^ y(i) b^^ ^2.23) 

while the identity HA.19|) gives directly 

'^b ^ ^ ^(6) afe) ^ Q ^2.24) 

Additional use of ()A.21|1 then leads to the expressions 

(^(^ fc^2 _ j:-2^^abcdejc^{6)de ^ - W « ^ F ^ + / * A F A F ^) . (2.25) 

Combining the two above equations demonstrates that the two-form V^^^ " A V^^^ ^ must satisfy the 
joint spacetime and internal SO (4) anti-self-duality condition 

- f) (5|f<^"^<5"^<5^°' + (|e"n")(^e^/"^i^A)) V^^^^'^j^^'^ = 0. (2.26) 

SU(2) structure. Until now, we have not placed any further restrictions on / and f"" other than 
the inequality (|2.19p . It ought to be clear from the above, however, that we ought to distinguish 
between two subcases of the general timelike case, depending on whether the inequality is saturated 
or not. Consider first the case 

{r? = f. (2.27) 
In this case, V^^^ vanishes, and we are left with 

V'' = u''K and $"fe = $(6)afe^ (2.28) 

where 

j^$(6)afe _ <^(6)afe _ \_^abcde^c^(&) de ^ (2.29) 

This indicates that the one-forms V"" are aligned with K, and that the two-forms are both 
transverse to K^^ and take values in the self-dual SU(2)+ inside S0(4). The hyper-Kahler structure 
may be obtained from the Fierz identity ()A.26|) . specialized to the present case: 

^^^^^"p^'^ = -/i^p[nrn^^-nf n^'=+e"n^]+[(5,"(^^n^'^+5,^(^Jn2'=-<5,"<5jn^'=-(^e^<5^nf ]$^^„, (2.30) 

where space indices are raised with the four-dimensional metric of (|2.2Up . Moreover, from 
1)2. 24() . we see that the two- forms are anti-self-dual on the four-dimensional base. This presents 
a curious connection between the spacetime and internal indices of <I'^^"'', as it resides in both 
the tangent space group SU(2)_ C 80(4) C S0(4, 1) and the internal symmetry group SU(2)+ C 
80(4) C S0(5). 

This case is nearly identical to the corresponding one for timelike configurations of minimal 
M = 2 supergravity [4]. The combination of a timelike Killing vector along with an S'C/(2)_|_ 
triplet of two-forms <I>^^^ with ix^'^^'^ = guarantees the existence of a preferred 8U(2) structure. 
However, the distinction between the N = 2 theory with USp(2) ~ 8U(2) and the = 4 theory 
with U8p(4) ~ S0(5) is clear: in order to identify an 8U(2) structure in the AA = 4 case, we had 
to impose the additional constraint (|2.27() on the bilinears. Furthermore, as we will see in Section 
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4, unlike for the N = 2 case, where the base had actuaUy SU(2) holonomy, here we find only the 
weaker condition of SU(2) structure. 

SO (4) structure. Finally, we note that if (/")^ > then the nature of the solution is strikingly 
different. In particular, from (|2.18|1 . we see that the S0(4) valued one-forms serve as vielbeins 

on the four-dimensional base transverse to K^^. More precisely, by defining 

, ^ T/W° (2.31) 

V((/')' - P) 

we are led to a natural five-dimensional metric (|2.2U() of the form ds^ = — (e^)^ -|- (e")^ with 

e° = V {f^Yidt+uj) and given above. So long as (/")^ > P , the two-forms are completely 
determined by 

^(6)af, ^ _jga ^^b_ |y.a| ^ (^0 ^ ^ ^b^^ ^2.32) 

where we have taken K = —{f°')'^{dt + oj) = —\f°'\e^. Note that these two- forms do not have any 
particular (anti-)self-duality properties on the base, as |/'*| / |/|. 

The timelike Killing vector X'^, in conjunction with the four-dimensional base metric ds\ = 
(e")^, indicates that the generic S0(5) structure is reduced to S0(4). Furthermore, this S0(4) 
structure case has no counterpart in the N = 2 analysis. As a result, supersymmetric configurations 
falling in this class presumably would not admit a purely N = 2 interpretation. Of course, a more 
detailed examination would be in order to see if this is really the case. 



2.2.2 The null case 

The null case is given by \K'\^ = — (/")^ = 0. From this, we infer that the five scalars are all 
vanishing. Additionally, from the identity HA.6|) . namely fK^ = /"V^, we find that / vanishes as 
well (since we assume Kfj_ to be everywhere non- vanishing) . Next, we may use the identity (|A.17|) . 
given in form notation as X A V"" = —(^"-^f^ (= when f'' = 0), to demonstrate that is aligned 
with K. This allows us to write 

= u-K^. (2.33) 
The norm of the SO (5) vector is determined from ()A.14|) 

= K^K, + g^Air? - f) (2.34) 

to be equal to one: 

= 1. (2.35) 

Therefore (just as in the timelike case) the m"'s parametrize an SO(5)/SO(4) coset. 

Tuning now to the two- forms we recall that they generically transform as the 10 of SO (5). 
However (|A.20|) 

V^Ki = -'^g^.iuiM - fKx]) + e.^x'^V'pK^ (2.36) 
reveals that the number of independent two-forms ^""^ is in fact constrained by 

^a^ab ^ (^2.37) 

and so we are left with only six two-forms, corresponding to keeping the 6 in the decomposition 
10 ^ 6 -|- 4 under S0(5) — > S0(4). In fact, these six components are not all independent, as can 
be seen by consideration of the additional Fierz identity HA.21|) 

K^^f^ = -2g^iM''yx - f'V^]) - e.ux'-VX + (2.38) 
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This further constrains ^ to satisfy a self-duality condition in group space 

^ab ^ lgafecde^c^de_ ^2.39) 

And so we are left with the 3+ under the complete decomposition 10 6+4 — > (3, 1) + (1, 3)+(2, 2) 
of S0(5) S0(4) SU(2)+ X SU(2)_. (Note that this SU(2)+ is an internal symmetry group, 
and is at least superficially unrelated to the structure of the space.) 
Finally, using (|A.16|) and (|A.18|) 



e^u,^xKP<S>"^''' = -e-bcdefc^de^^ (2.40) 

we conclude that 

= * ^>"'' = 0. (2.41) 

This combination of a null Killing vector along with three independent two-forms satisfying 
(|2.41() demonstrates that there is an structure associated with this null Killing vector case. 

Although the above is sufficient to demonstrate structure, we find it useful to make more 
explicit choices for the purpose of constructing solutions, which is taken up in Sectional In particu- 
lar, using the appropriate differential identities below, we may demonstrate that K is hypersurface 
orthogonal, and that it can be chosen to be K^d^ = d^- This allows us to write the five-dimensional 
metric as 

ds^ = H-^{Fdu^ + 2dudv) - H^hmnidy"" + aJ^du){dy'' + a'^du). (2.42) 

We can now use the fact that the two-forms are aligned with K to introduce a set of one-forms 
X""^ according to 

= K ^ X"''. (2.43) 

These three independent one-forms X"'^ reside on the three-dimensional base (with metric hmn), 
and satisfy the multiplication rule 

X-X^^ = -emnpXP^' + Ufhmn, (2.44) 

which may be obtained from ()A.25|) . Note that n^'' is given by 1)2. 15(1 . and is a projection onto 
S0(4) C S0(5). Thus we are led to the conclusion that, in the null Killing vector case, the five- 
dimensional metric can be written in terms of a three-dimensional base (hypersurfaces orthogonal 
to the Killing vector), with three independent one- forms X"* satisfying S0(4) self-duaUty with 
respect to u"' residing on it. 

Note that it is important to keep in mind that structure does not guarantee the closure 
of these one- forms X""^. Of course, in the minimal J\f = 2 theory, the corresponding one- forms 
constructed from the original two- forms through similar steps as above were found to be closed [4]. 
In the = 4 case, however, this will happen only in special circumstances; this issue will be 
addressed at length in Section ^ when we take up the differential identities in the null case. 



2.3 Differential identities 

Until now, we have mainly focused on the algebraic identities and the resulting structure equations. 
As is well known, the existence of an appropriate set of invariant tensors is sufficient to demonstrate 
the appropriate G-structure of the system, and this is what we have accomplished above using the 
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algebraic identities. Integrability of these structures, however, falls into the realm of the differential 
identities, which we turn to next. 

The differential identities encode the content of the Killing spinor equations, and hence depend 
explicitly on the model under investigation. For us, this is the minimal = 4 supergravity with 
Killing spinor equations corresponding to the vanishing of 1)2. 6|) and H2.7|) . However, we anticipate 
that this analysis could easily be extended to include the coupling to = 4 Maxwell multiplets as 
well. These Killing spinor equations may be converted into differential identities on the bispinors 
either by multiplication on the left with ^Y^^'"^" or by taking the Hermitian conjugate and then 
multiplying on the right with Y^^^---^"€. As a result, these equations are (at most) first order and 
linear in the bispinors. 

Note that, unlike in the case of minimal supergravity, where there was only the gravitino 
variation, here we also have the dilatino equation 1)2. 7() to consider. The identities resulting from 
this dilatino condition are not truly differential, as they are only algebraic in the bilinears. We 
nevertheless denote all such expressions as 'differential identities' to distinguish them from the 
algebraic structure equations related to the Fierz identities. This notation of differential identities 
also fits a Kaluza-Klein interpretation, where the dilatino may be viewed as internal components of 
the higher dimensional gravitino. The loss of the derivative acting on the dilatino is then attributed 
to the zero- mode nature of the higher dimensional gravitino living on the compactification manifold. 

The complete set of differential identities are tabulated in Appendix B. This will provide a basis 
of the analysis in the following section for the timelike Killing vector case and Section |1] for the null 
Killing vector case. 

3 The timelike case 

As indicated above, the timelike case falls into two categories, depending on the structure being 
either SU(2) or S0(4). We focus mainly on the SU(2) structure case, but will say a few words 
about the SO (4) structure solutions at the end of this section. 

3.1 Timelike with SU(2) structure 

The SU(2) structure case arises when = {f"")"^-, and is the most direct generalization of the 
analogous N = 2 situation. To arrive at the complete solution, we start with the five-dimensional 
metric of the form (|2.2()j) 

ds^ = -f{dt + ujf + f-^hmndx'^dx'', (3.1) 

where f , uj = ujmdx"^, and hmn are independent of time t. This metric admits a natural fiinfbein 
basis 

e' = f{dt + u;), e^ = r"^eZdx^, (3.2) 

where hmn = ej^e„y^. We also note that, with our metric signature, we have K^d^ = dt and 
K^dx^' = -/e°. 

We now proceed to derive the gauge field strengths and G. To do so, we start with the 
decomposition 

G = aAK + G, = a" A K + , (3.3) 

where a and a" are one- forms, and G and F'^ are two- forms on the four-dimensional base satisfying 
ixG = ixP"^ = 0. Contractions with the Killing vector then gives 

irG = fa, ij^ *G = f *4G, 
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ikF^ = iK*F^ = fn F\ (3.4) 

where *4 is defined with respect to the metric hmn on the base. 

The one-forms a and a" may be obtained in terms of the scalar quantities 

7^-1 ^ e^"^/, ^2 ' ^ (3.5) 

through the use of ()B.20|) and ()B.22|) . respectively. The result is 

a = f-^d{n^^), a" = -f-^diu^n^^). (3.6) 

The 'magnetic' components G and are somewhat harder to disentangle. Nevertheless, use of 
the two-form differential identities ()B.24|) and ()B.26|) allows us to solve for the (four-dimensional) 
self-dual and anti-self-dual components 

H-iG = —J- , 

Here J- = duj, and n^'' = — u°'u^ is the projection onto SO (4). One further restriction on 
F"" may be obtained from the identity (|B.18|) . which gives the additional condition = 0. 

Noting that the SU(2) structure along with the Fierz identities ensure that the two-form is 
anti-self-dual on the base, we may deduce that the anti-self-dual component of F"" must vanish 
when projected with This gives simply Hf'F = 0, and when combined with 1)3. 7|) . we see 

that F"' points only along the u"" direction. 

The above relations, (|3.7)) along with the condition F = u"'F, allow us to write the gauge field 
strengths in terms of J- = duj along with an undetermined self-dual two- form F . In particular, 
we may see that 

G = -d[n^\dt + uj)] + 2^F^, 

til 

F" = dlu^n^^dt + oj)] + (f^ - 7^2 ^•^^) ■ (3-8) 
The Bianchi identities dG = dF°' = immediately give 

At the same time, the two form equations of motion 

d{e^^ *F'')=F'' ^G, d(e"^'^*G) AF", (3.10) 



yield the conditions 



□4W1 = ]^[f^ -H^^T+ 

H2—+f—+ ^,-1^+ 



□4W2 = -^F" (F" -^2 ) +W2«"n4«", (3.11) 
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along with the SO (5) sigma model equation of motion 

□41*'^ = ^i'''^^□4^^^ (3.12) 

on the unit-norm S0(5) vector u"". Note that ^4 is the scalar Laplacian with respect to the metric 
hmn on the base. 

Until now, we have not paid much attention to the conditions on n". In addition to the sigma 
model equation of motion given above, u"" must also satisfy a first order condition 

dmu'' = '^tuh'^^dpu'. (3.13) 

This condition, along with the expressions for F"" and G given in (|3.8j) . guarantees that all one- form 
and two- form differential identities HB.20|) through ()B.27|) are satisfied. 

Finally, the remaining differential identities, and in particular (|B.16|) for V^<1>"^, demand that 

VmKl = ^i^'r^lp^'d^]^" + O'^dmU'' + lemnp'W^d.u'], (3.14) 

where all quantities are defined in terms of the metric hmn- Making use of (|3.13|) . along with 
anti-self-duality of ^he projection u°-^'^j^ = 0, the above expression can be written in the 

form 

^m^pq — ^ m^pq ' -^m^pq ~ -^m^pq \<j.-luj 

where is the composite SO (5) connection 

A^^ = 2u^''du^l (3.16) 

This clearly shows that in the rigid case (where is constant, so that A^ vanishes), we have 
^m^pq — 0) which implies that the four-dimensional base has SU(2) holonomy. However, in the 
general non-rigid case, the base only has SU(2) structure. Note, also, that the fully antisymmetrized 
components of (|3.14j) may be written as 

d^""^ = *4^«^ (3.17) 

which demonstrates that the composite connection may also be given in terms of the two- form 
Integrability of the covariant derivative Dm gives rise to 

Rmnp^^rq + Rmnq^^pr + ^mn^pq + -^mn^pq ~ ^5 (3.18) 

where the composite field strength is given by 

T± = 2d[mA'^^ + 2Al^A% = dmU'^dnv' - dmu'dnU''. (3.19) 

Contracting (|3.18|) with ^^q ^^'^ using the structure equations 

(f,ab (f^ab — Af _|_ Mh h — h h \ 

mn pq — ^'^mnpq i ''mpi ''nq ''"mq'''npjj 

^tn^^^" = 3nr/i„p - 2$- , (3.20) 
results in the integrability condition Rmn = ~2 

T^p^n^"^. Using (Tmi) . this gives the Einstein 

equation 

Rmn = -dmU^'dnU^ (3.21) 
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on the base. The combination of the equation of motion ()3.12|) along with the Einstein equation 
is suggestive of an S0(5) sigma model coupled to gravity. However, in the present situation, the 
gravitational coupling in (|3.21|) is of the 'wrong sign', corresponding to a negative stress-energy 
tensor. 

The above Einstein equation indicates that in the non-rigid case the four-dimensional base can 
no longer be Ricci-flat. This is an explicit demonstration that such solutions only have SU(2) 
structure, and not holonomy. Before proceeding, we note that taking the trace of the Einstein 
equation (|3.21|) and making use of the fact that n° has unit norm (so that u'^dmu"' = 0) gives us a 
simple expression for the four-dimensional curvature scalar 

R = u^'Uiu''. (3.22) 

If desired, this allows us to rewrite the scalar equations ()3.11|) and ()3.12|) as 

□4W1 = ^(G'+)2, [Ui- R)n2 = \GtGt, (□4-i?)u" = 0, (3.23) 

where we have defined the self-dual two-forms and by 

G+ = -2{n2/nijF^, G+ = - n^^j^+. (3.24) 

This demonstrates that 7ii behaves as a minimally coupled scalar, while 7^2 behaves as a non- 
minimally coupled scalar on the four-dimensional base. 

Of course, in addition to the second order equations 1)3. 12() and (|3.21|) . supersymmetry demands 
the stronger first order condition (|3.13|) as well. As this condition is somewhat awkward to work 
with directly (since the two- form is incompletely specified), it is instructive to directly examine 
the Killing spinor equations (|2.6|) and (|2.7j) for this SU(2) structure timelike solution. Substituting 
in the expressions for the gauge fields 1)3. 8|) , as well as the definitions for the scalars 1)3. 5|1 , we obtain 
the slightly cumbersome expressions 

-[^T^rr^ogn2]P2e^ + [^/'/'.^^nT^^'se. + ^T^ {^"^ dmu''T,-^)ej , 
r^'Hi,u = [-\5lT,Tdm\ogni + 3L/3/2h2((F+„ - 2n:,^J^^,,)5l+Ft,,u'^Tt^)T'']Piej 
-[lT^Tdm\ogn2]P20. - [^/'/'^^nf^^l^se. " '^{T dmU-Tt^)e, , 

+ [i5^ (7™" - 2C)a„ log + d^u-T-^ - + 3.F^„>|7"r°]Pie, 

+ [\4{lm'' -26Ddn\0gn2]P2ei 

+ [i/'/'W2(-F+ Jl + 2ir0) + ^2 '-^mnll " 2tr^))rT'']P:,e, 
-^T^jmiTdnu'^T.^n^j. (3.25) 

Here we have defined the projections 

Pi = i(l + irO), P2i = ^{Si + ir\''Tt'), P,J = l{5{-u''T,^^). (3.26) 

Note, also, that the Dirac matrices 7"^ are defined with respect to the base metric hmn- 
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The three projections in H3.26() are mutually commuting, and are furthermore degenerate, with 
-fbi"' = Psi'' + u"'T^-' Pi- As a result, the generic solution preserves at most 1/4 of the supersymme- 
tries, with 1/2 also possible in special cases (when some of the fields are not active). Note, however, 
that preservation of supersymmetry demands the additional requirement 

{^"'d^u-T.-n^j = 0, (3.27) 

which is trivially satisfied only in the rigid case. In fact, the rigid case is particularly simple; so 

long as ei is projected out by (|3.26|) . the surviving requirement on for it to be a Killing spinor is 
simply the parallel spinor equation 

V^Ci = 0. (3.28) 

In this case, the base has SU(2) holonomy, and the solution is either 1/2 or 1/4 super symmetric, 
depending on the set of active fields. 

In the non-rigid case, however, the situation is rather more involved. For to be a Killing spinor, 
it must not only be projected out by (|3.26j) . but must also satisfy the sigma model requirement 
1)3. 27() . Provided this is the case, the content of the supersymmetry variations 1)3. 25() reduces to 

[Vm6^ - ^dmu'^Tt'jej = 0, (3.29) 

where = ("HiW^)^''^^*- is easily shown that integrability of this Killing spinor equation gives 
rise to an Einstein equation identical to (|3.21() . In order to count the number of preserved su- 
persymmetries, we have to identify USp(4) symplectic-Majorana spinors which simultaneously 
satisfy the conditions given above. Generically, (|3.27)) may be considered as a sum of four terms, 
one for each direction on the base (m = 1,2,3,4). Schematically, the Killing spinor condition is 
then of the form iba zb6zbc±(i = 0, with all possible combinations of signs. With 16 possibilities, 
and the observation that if one choice of signs satisfies this condition, then the completely opposite 
choice would too, we see that this generically yields a 1/8 supersymmetric projection. Combining 
(|3.27|) with any single projection from (|3.2(ij) leaves the solution 1/8 supersymmetric, while com- 
bining this with two projections gives a solution that is 1/16 supersymmetric {i.e. with a single 
supersymmetry out of the original 16). 

Although we have not done so, it would be noteworthy to tabulate all possible fractions of 
preserved supersymmetries. This would entail a somewhat more sophisticated investigation of 
H3.27() to identify special cases away from the generic 1/8 fraction of supersymmetry and to ensure 
their compatibility with the projections of (|3.26|) . (Kinematically, the projection (|3.27|) alone gives 
the fractions 0,1,2,3,4,8 out of 8. However, it remains to be seen whether all such possibilities 
can be realized.) In this respect, the tools of generalized holonomy [19,20] may also be useful in 
enumerating the possibilities. 

To summarize, the supersymmetric time-like solutions with SU(2) structure are given by the 
bosonic fields 

ds^ = -{HiHly^^'^idt + Lof + (?t:iWi)i/3/^„„dx'"dx", 

G = -d[rL^^{dt + uj)] -Gf, F" = dlu^n^^idt + uj)] + n"G+, 

e-T-^^ = Hi/Hi, (3.30) 
where self-duality (the -|- superscript) is with respect to the four-dimensional base metric /imn- 

The 

solution is specified by the set of functions (fields) 

u", H\, H2, Gf, G2, hjnn, (3.31) 
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which satisfy the Bianchi identities H3.9() 

dGf = 0. diu'^Gt) = 0, (3.32) 

scalar equations of motion (|3.23jl 

□4W1 = (^4 - R)n2 = ^GfGt, (04 - = 0: (3-33) 

Einstein equation on the base (|3.21|) 

Rmn = -dmU^dnU", (3.34) 

the relation 

(duj)+ = -^HiGf - n2G^, (3.35) 

and also the sigma model supersymmetry conditions (|3.27|) and 1)3. 29() . (Actually, the Killing spinor 
condition (|3.29|) implies the Einstein equation ()3.34|) on the base.) 

In the rigid case (u" = constant), the base metric hmn has SU(2) holonomy, and this = 4 
solution becomes a straightforward generalization of the timelike M = 2 case analyzed in [4]. Viewed 
from an = 2 perspective, the rigid case is essentially that oi M = 2 supergravity coupled with 
a single vector multiplet. This results in a 'two-charge' extension of the 'one-charge' (graviphoton 
only) solution given in [4] , and is the origin of the second harmonic function 7i2 along with a second 
self-dual two-form G^. From an = 2 point of view, these solutions preserve either 0, 1/2 or 
all of the supersymmetries, while under N = A they may preserve either 0, 1/4, 1/2 or all of the 
sup er symmetries . 

Of course, in the non-rigid case, additional fractions (such as 1/16 and 1/8) are also allowed. 
To better understand this non-rigid case, we note that the = 4 supergravity multiplet 

(g^„4^H,i?^,<A,x\V';.) (3.36) 

admits the decomposition into an AA = 2 supergravity multiplet coupled to one vector and one 
gravitino multiplet 

(5;..,^^, VP + (^M,'A,X*) + {A'^,x','^l) (3.37) 

(where z = 1,2 and I = 1,2). The graviphoton along with the vector in the vector multiplet is a 
linear combination of and it"^^ (i.e. the component of along u"). These two U(l) fields 
carry electric components characterized by Tii and 7i2 as well as magnetic components given by 
G+ and G+ 

-G = d[H^^{dt + uj)] + G+, n"F" = d[?t:^^(dt + u;)] (3.38) 
The remaining four field strengths in the gravitino multiplet are given by projection with II^'' 

IlfF^ = du''h[n2^{dt + uj)l (3.39) 

and are only active in the non-rigid case. Thus, from an AA = 2 point of view, the non-rigid case 
corresponds to excitations of the gravitino multiplet. Because of this, such non-rigid solutions are 
true AA = 4 configurations without corresponding realization within an AA = 2 truncation. 
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3.2 Time-like with SO(4) structure 

We now turn to the S0(4) structure case, which occurs when (/")^ > As demonstrated in 
Section [2.2. 11 the S0(4) valued one-forms V^^^"" define a natural vielbein basis for the metric of the 
form 



Recall that, although the S0(5) index a runs from 1 through 5, the constraint u"'V^ 



(4) a 



(3.40) 
ensures 



that it only takes values in the 4 of SO (4). 

In order to obtain the full solution with SO (4) structure, we make use of the fact that all spinor 
bilinears except / and are fully specified in terms of the metric and vielbein elements through 
1)2. 31(1 and H2.25() . In this case, we may solve directly for the gauge fields and G by noting that 
an arbitrary two-form obeys the relation 



iK * * ^ = —K T + K f\ . 
Taking = — (/°)^ then allows us to write 

ir fj' =-KA {iKT) + iK * {iK * T), 



(3.41) 



(3.42) 



which essentially splits J- into components along K and orthogonal to K. 

In fact, the differential identities ()B.20|) . I|B.22|) . ()B.24|) and ()B.26|) provide sufficient information 
for disentangling all components of -F" and G through use of the above relation. In this manner, 
we obtain 

e'^^irfG - 2e^'^f{fF'') 

= e'^^K A d{e^^f) - e^'^ix * d{e~^^K) + 2e"75'^/"d(e75'^1/«), 
e'^^ffG + e^'^[((r)2 - f)6''^ - 2rf]F^ 

= e^'^'K A d{e~^^r) - e'^'^'iK * die^'^V) + e^"^ fdie'^'^K) 



+e~~^'^fd{e~^^V''). 
Solving this for F"" and G gives 



(3.43) 



((/ 



a\2 



mffG 



2/ 



e^TiK * die^^'V'') - e^''{r)^d{e~^''K) 



c\2 rpa 



+((/ 



/ 



a\2 



f) K Ad{e^^f)-e^'^iK*d{e VE^K) 



e^'^fiK * d{e~^'^K) + e'VE^iffdie^'^V^) 
+e-^'^rK A die^'^f)] - e^'^ fiffdie'^^ K) 

- 5''\ff) \-K A d{e'^''^f) + e"75^^ * d(eVB'^y'') 



(3.44) 
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By decomposing the vector V 



a 



according to H2.17() . we finally arrive at the expressions 



-{{rf - f) \k a d{e^'^f) + e^^'^ix * dK 



(3.45) 



Note that, just as in Section [2.2.11 these expressions become trivial when (/")'^ = f^. 

To obtain a complete solution, we must demand that the Bianchi identities and equations of 
motion hold for the gauge fields given by 1)3. 45() . We have left this as an exercise to the ambitious 
reader. Nevertheless, we expect the procedure to be similar to that of the SU(2) structure case, 
and hence we expect to obtain second order equations of a form similar to ()3.1ip . Note, however, 
that here a decomposition of the magnetic components of and G into self-dual and anti-self- 
dual components on the base does not appear natural; instead the Hodge duality in 1)3. 45() implies 
something more along the lines of taking T = {f + \f°'\*/i)J-, which is not a projection. 

In addition, we must still ensure that the remaining differential identities are satisfied. Pre- 
sumably this will lead to a sigma model equation identical to (|3.12|) for the unit-norm vector 
yO. _ jayijaj^ gj-g^ ordcr conditions of the form ()3.27|1 



From this point of view, the supersymmetry analysis of the SO (4) structure case is rather similar 
to that of the SU(2) structure case given above. A potentially important distinction, however, is 
that in the present case the Killing spinor e, does not satisfy the simple time-direction projection 
Piei = with the SU(2) structure projection Pi given by (|3.26|) . (A simple way to see this is to 
realize that PiCi = implies that points only in the direction, and that this in turn gives 
= — When combined with the Fierz identity = — (/")^, one obtains the SU(2) structure 
case /■^ = (/")^.) As a result, the counting of supersymmetries will presumably differ from that of 
the SU(2) structure case. 

4 The null case 

In this section we study the implications of having a null Killing vector, and in particular use 
the differential identities to construct the general class of super symmetric backgrounds with M'^ 
structure. We first observe that, since in this case all scalar bispinors vanish (/ = /° = 0), the 
differential identity ()B.24|) reduces to 




(3.46) 




d{e ^^K) =iK{e *G). 



(4.1) 



Contracting with in turn implies that 



K -dK = 0. 



(4.2) 
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Moreover, with / = 0, we have ixG = from ^KM . Thus 



K AdK = 0. (4.3) 

We now infer from H4.2() and H4.3|) that the Kilhng vector is such that it is hypersurface- 
orthogonal and may be written as 

K^dx^" = H-^du, Ri'd^ = (4.4) 

where we have parametrized the five-dimensional spacetime in terms of the coordinates (li, w,y™) 
with m = 1,2,3. The coordinate v is the affine parameter along the geodesies of constant u. In 
particular, the five-dimensional metric can be written as 

ds^ = H-^{Tdu^ + 2dudv) + H^hn^nidy"^ + a^du){dy'^ + a'^du). (4.5) 

Given that is an isometry generator, all the functions that appear in the metric are I'-independent. 
For later convenience, we note that this metric admits a natural vielbein basis 

e+ = H'^du, e- = dv + \Tdu, e"^ = He^idy"" + a'^du), (4.6) 

where the dreibeins e"^ are related to the three-dimensional base according to 

Furthermore, although a u dependent coordinate transformation may be used to eliminate the shift 
vectors a"*, just as in [4] we find it useful to keep this metric general, at least for the moment. 

We now recall some of the results derived in Section f2. 2. 21 for structure, namely that in the 
null case the 1-forms as well as the 2-forms are all aligned with K 

V = u^K, = K A (4.8) 

In order to construct the super symmetric solutions of = 4 supergravity characterized by a 
null Killing vector, we must go beyond the structure equations and use the differential identities 
tabulated in Appendix B to express the solutions in terms of the spinor bilinears, and then to solve 
for as many of the bispinors as possible. 



From ()B.20|) and (|B.22|) . we find the gauge field strengths of the six abelian gauge fields are 
such that ikF'^ = ^kG = 0. This allows us to introduce the decomposition 

G = G+rne+ Ae'^ + lGrnne'^ Ae"". (4.9) 
Furthermore, the components F^f^ and Gmn lying on the three-dimensional base can be found from 



the (m+) components of (|B.24|) and ()B.25|) . Concretely, we obtain 

G^n = -H-hmn^'dpni, (4.10) 

where the hatted quantities are defined with respect to the three-dimensional base 
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The new functions 7ii, 7i2 showing up in H4.1U() are defined as 

Hi = e^^H, n2 = e~^^H. (4.12) 
Enforcing the Bianchi identities leads to the second order equations 

□3W1 = 0, u^U^iHi - W2n3w'' = 0, (4.13) 

as weh as the constraints 

-l=d^{Vhh"'^dnni) = -e^'^PdniG+p + epg^-aidrTii), 

-^du{Vhh^^{u''dnn2-n2dnu'')) = e™"P9„(F^p-ep/a«(n'^a,?^2-W2a.n")), (4.14) 

where = eJ^-F+m ^■^d G+m = e™G+m- The second order equations (|4.1H|) demonstrate that 
Til is harmonic as a function of y™. At the same time, the equation for 7i2 decomposes into the 
system 

□37^2 = n2u''nsu'', Da-u" = u^'u^DsuK (4.15) 

Note the similarity with the corresponding equations (|3.11|) and (|3.12|) in the timelike case. In 
particular, this reveals that the u'^'s define an 0(5) vector model (this time on the three-dimensional 
base as opposed to a four-dimensional base in the timelike case). 

The equations of motion for the field strengths provide additional constraints on the null com- 
ponents -F"^ and G+m- However we defer these to later, and instead focus first on the one- forms 
X""^ on the three-dimensional base. As in the timelike case, these turn out to be closely related to 
the behavior of the 0(5) vector u". Starting from ()B.23|1 . we see that A = 0, which yields 
the condition 

X^K^^'dnU^ = 0. (4.16) 
Furthermore, from ()B.27|) . we find the relation 

du'' = -*3 X"^ A du\ (4.17) 

where *3 is defined with respect to the metric hmn- In addition, the (+[mn]) component of the 
differential identity obeyed by the two-form (|B.16|) yields 

dX"* = 2 *3 -uIWl (4.18) 

The previous two equations can be combined into 

dX"^ + A"" A X"^ + ^'"^ A X"" = 0, A"'' = 2'u["d'u^] , (4.19) 

where we have introduced the composite 0(5) connection A""^ ()3.16|) . Notice that, in contrast to 
the minimal Af = 2 supergravity, the one-forms X"'^ are not generically closed {i.e. for non-trivial 
u"" configurations). A bit more work is required to extract 

V„Xf = 2X^K'b^^n' + emn''n^''dy\ (4.20) 

from the same ()B.16|) . Using (|4.17j) . we obtain the direct analog of (|3.15|) 
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We now return to the null components of the field strengths. The conditions of interest follow 
most directly from V+VT: 



V+^z" = n^^XtFl^ (4.22) 



and from V+$!^''^: 



2 ^mnp 



n^^XfG+p - 2n,' (2^z[«x|^ + «f ) - 2n^\^-F'}^. (4.23) 
Note that V+ = — a^Vm- We decompose F^^^n ™to SO (4) components according to 

F^„ = n'^F+„ + Fiti", (4.24) 
where F+m = u^F^m and Fjti" = nf^F^^. In this case, (ji:^ and give rise to 

^-'^''(W-'i^itl') = V+n^ 

- 2W2"iF+„ = -em""^ [d^ap + ixf ] . (4.25) 

The SO (4) singlet term was given by multiplying both sides of (|4.23|) with X^^ and using the 
relation 

X^^Xf = 4hmn, (4.26) 



which follows from (|2.44|) . In addition, we have used the fact that Xp VrnX^ = (which follows 
from contracting (ICTl) with Xf) to write X^'^V+Xf = X^^duXf in (jO^ . 

In contrast to the null solution of = 2 supergravity [4] , here the null components of the field 
strengths are only incompletely determined. Additional requirements on these components may 
be obtained from the two-form equations of motion. With some manipulation, the equations of 
motion (|.S.in|) give rise to 

V"(WriG+„) = -2(W„iG+„ + -H^^F+mW^dn log ^2 + 2?^2-lF^^/^™"9„n^ 

^"'{n^^FU = -(n'^?^^'G'+„^ + 7^2^F^™)/l'""a„log?^2 + w^'G+™/i""5„^x^ (4.27) 

Note that subtracting twice the S0(5) singlet component of the F^^ equation from the G+m 
equation gives rise to the divergence free condition 

V'"(WriG'+„ - 2n^'F+m) = 0. (4.28) 

Combining this with 1)4. 25() yields the consistency requirement 

e'^'^PVrniX^^'duX^') = 0. (4.29) 

It turns out, however, that this is automatically satisfied based on the properties of u°' and X^. 
This allows us to conclude that the right hand side of the second expression in ()4.25p may be 
written as a pure curl, as it is automatically divergence free. Because the shift vectors a"^ were 
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introduced purely as a convenience, we may thus absorb the somewhat awkward term jX^duXp 
into a redefinition of a™". This then gives us 

n^^G+m - 2n^^F+m = -enT^dnap, (4.30) 

which is analogous to the corresponding expression in the null N = 2 case [4]. Finally, for com- 
pleteness, we note that the projection of H4.23() onto the anti-self-dual SU(2)_ in S0(4) gives the 
condition 

V+Xf = 0. (4.31) 

To summarize what we have obtained for the field strengths, the G+m and -F+m components 
cannot be solved for independently. Instead, a linear combination of the two is determined via 
1)4.30(1 . This is similar to what happens for the magnetic components in the timelike case, where 
H3.7|) demonstrates that G and F only enter through the combination TiiG — 2Ti.2F . The 
components of F^^"" taking values in the 4 of S0(4) are determined only so far as their projection 
onto X^, as given in (|4.25() . Of course, in all cases, the Bianchi identities (|4.14() and equations of 
motion (|4.27|) still need to be satisfied. 

Turning now to the Killing spinor equations, from the dilatino supersymmetry variation we find 
the projectors 

j+e = 0, (1 - u"r")e = 0, (4.32) 

as well as the constraint 

^"'dmu''T''e = 0, (4.33) 

which coincides with (|3.27|) in the timelike case. The supersymmetry variation of the gravitino 
yields one more constraint 

V„e = i^^u'^T^e, (4.34) 

which also has a direct analog in the timelike case, namely ()3.29() . The integrability conditions 
which follow from this equation are the same as those derived from the covariant derivative Dm 
defined in (|4.2H1 . Namely, we find that 

Rmn = -dmU^dnU". (4.35) 

The equation ()4.35|) . together with (j4.15j) . can be interpreted as the Einstein equation of a three- 
dimensional 0(5) vector model coupled to gravity. (However, just as in the timelike case, this 
model has an unconventional sign for the stress tensor.) 

If the li^'s are taken to be rigid 0(5) vectors, then the three-dimensional base is not only 
Ricci-flat, as indicated by (|4.35|) . but is actually flat. This can be derived from (|4.19|) : with the 
one-forms X"-^ closed, we can choose coordinates on the base such that dy"^ are identified with the 
three independent one- forms X""^. That these independent one- forms define a dreibein basis follows 
from the multiplication rule (|2.44() obeyed by X"^. The situation is rather more involved for the 
non-rigid case. For one thing, most quantities can then be functions of the null coordinate u. In 
this case, a slight simplification may arise by setting the vectors a* = through an appropriate 
choice of coordinates. Nevertheless, a complete analysis of the non-rigid case appears somewhat 
formidable, and still remains to be completed. 
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Finally, for solutions in the null category, it should be noted that the Einstein equation 
remains to be solved independently of the supersymmetry conditions. For the = 4 model, this 
component of the Einstein equation turns out to be 

+ \e^^^F%F+P'^ + ie-^'^G+,G+'' + \d+<pd+ct> = 0. (4.36) 
Given the null metric 1)4. 5|) with vielbeins (|4.6I) . we find the expression for 

= -^DS-^ - HV+Wrnrn " VF(^n) W^(mn) , (4.37) 

where 

Winn = V+HS^n + HSrnpiV+ePJe^ - H5rnpeP,e^Vna^. (4.38) 

The actual Einstein equation, 1)4. 36(1 . is rather cumbersome as the null components and G+m 
are only partially determined in the present analysis. 

5 Solutions 

As discussed above in Section 13. H the field content of = 4 five dimensional supergravity can be 
decomposed in AA = 2 representations as follows: the minimal supergravity multiplet [the metric, 
one gauge field, and two gravitini transforming in the 2 of USp(2)], one vector multiplet (one gauge 
field and one scalar, the dilaton) and a gravitino multiplet (the remaining two gravitini and four 
gauge fields). Thus, by setting the matter multiplets to zero, we shall reproduce the super symmetric 
solutions of minimal five-dimensional supergravity found in [4]. To do so requires rigid S0(5) /S0(4) 
vectors u"'. Furthermore, truncating the set of gauge fields must be done such that i) for the SU(2) 
structure case we demand Gf = G2', or ii) for the null case F^^)" must vanish. Lastly, setting the 
dilaton to zero, which amounts to 7ii = 7i2, leads to the set of equations and constraints which 
determine the supersymmetric backgrounds of minimal five-dimensional supergravity with either 
SU(2) holonomy or structure, respectively [4]. 

If, on the other hand, we impose the conditions that is rigid but allow TCi and TC2 (as well 
as Gf and in the timelike case) to be independent, then we fall back onto the two-charge 
solutions of minimal supergravity coupled to one vector multiplet described in [10]. In this class 
of rigid solutions, we are also able to reproduce a subset of the black ring solutions of [21] , which 
are characterized by two electric and two (magnetic) dipole charges. To see this, select the case 
of a time-like Killing vector and begin again by choosing rigid u". Then simply identify the three 
harmonic functions of [21] as Zi = TCi, Z2 = = 7i2', these harmonic functions determine 
the electric charge distributions. The magnetic fields of [21] are to be identified with Gi = G^, 
G2 = G3 = G^. 

Notice that in all the previous examples we began by selecting a rigid five-dimensional unit norm 
vector m". As discussed in Section 3.1, having a non-trivial it" amounts to turning on the gravitino 
multiplet. In this case, the starting point in constructing the five-dimensional supersymmetric 
backgrounds must be solving a gravitating S0(5) vector sigma model, in three or four dimensions. 
The worldvolume of the sigma model is a Riemannian manifold (positive definite metric). We 
proceed next to construct a few solutions of the gravitating vector model 

= Ru\ Rmn = -dmU^dnU". (5.1) 
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At the same time, to ensure that these solutions lead to five-dimensional backgrounds, we must 
enforce the supersymmetry constraint 



7™a„u'*T'^e = 0. (5.2) 

The simplest case has the n"'s defining maps from a one-dimensional manifold into a circle. How- 
ever, this is at odds with the supersymmetry constraint, as 'y^T^ has no zero eigenvalues. The first 
non-trivial case corresponds to maps from a two-dimensional manifold 

ds^ = e^^^'''Uzdz (5.3) 

into a two-sphere S'^. These maps define the stereographic projection 

\1 + tptp 1 + ipyj 1 + ipip J 

where we have assumed that = ^(-2) are holomorphic functions. The supersymmetry constraint 
is satisfied since 

and the SO(5) matrix which appears between the brackets has zero eigenvalues. The 7^n"r"e term 
vanishes because 7^ has zero eigenvalues. The solution to (|5.1() yields 

e2* = (i + ^V^)2|^(^)|2^ (5.6) 

where ^(z) is an arbitrary holomorphic function of z. 

To construct the corresponding five-dimensional solution, we first extend the two-dimensional 
base to a three or four-dimensional manifold. Then we need to solve for the functions Tli,'H2 
such that OTCi = and = RT~(-2 in the null case, as well as in the SU(2) structure case 

in the absence of fluxes. Recall that in the timelike case the warp factor of the five-dimensional 
metric is / = (?^i?i2^) ' , with dsl = -fdt^ + f-^dsl, while in the null case the warp factor is 

H = (^1^2^) ^ , with dsl = H-^{^du^ + 2dudv) + H^dsl Since Tli is harmonic, we can take 
Til = 1. On the other hand, TI2 satisfies the same equation as it". By identifying 7^2 with 
we generate a warp factor which has only a radial dependence on the two-dimensional base. Even 
though the base is regular, the five-dimensional solution may be singular. The reason why this 
could happen is that zeros of Ti.2 translate into singularities. In this case, the singularities of the 
five-dimensional background are localized on the locus ipip = 1. Noticing that the volume of the 
base manifold vanishes when ipip = 1, we conclude that the singularity is point-like. Other choices 
of 7^2 (such as turning on some Fourier modes, which can be done by identifying Ti.2 with or u^) 
could give a different picture in terms of the location of the singularity, but they cannot remove it. 
For instance 7^2 = vanishes when Reltp) = 0. 

We find a similar story unfolding when considering higher-dimensional maps from conformally 
flat spaces to spheres. For spanning an 5^, 



sin('i/'(r)) sin 9 cos (f), sin(-0(r)) sin 9 sin (p, sin('i/'(r)) cos 9, cos{^p{r)), Oj , (5-7) 
and with the three-dimensional base given by 

dsl = e^''^'Hdr^ + r^dnl), (5.8) 
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we find that the supersymmetry constraint yields 



(^Y ^T\r, e, 4>) + Y sin 2l^T^{r, 9, (I)) + j'l'sm4^ sin eT^{r,e,4>)^ e = 0, (5.9) 

where T^''^'^{r,e,(p) are 50(4)-rotated 50(5) matrices. Given that [Y'T'^,YT'^] = 0, etc., these 
matrices can be diagonalized simultaneously. The existence of zero eigenvalues requires either 

i) -0 = const, or ii) -^ = ±2 -. (5.10) 

dr r 

Next we proceed to solve the gravitating vector sigma model equations. We find that the second 
case is the only possibility, leading to 

1 - 

The first option, ifj = constant, is excluded since spheres, while compatible with supersymmetry, 
have positive curvature. On the other hand, we are looking for solutions to a gravitating 50(5) 
sigma model with a negative contribution to the stress-energy tensor. Therefore we are looking for 
manifolds of negative curvature. 

For maps from conformally flat four dimensional manifolds into 5^, supersymmetry requires 
that either 

di) sinV' ... d^ ,oSin'0 
i) —— = ± , or ii) —— = ±3 , (5-12) 

dr r dr r 

with the latter being realized as a solution of the gravitating sigma model 

1 - 

cosV' = R- (5.13) 

As discussed before, to construct the corresponding five dimensional solutions requires solving 
for the harmonic function Tii as well as for 7^2- Notice that since we may identify 0.2 with any 
of u", and since u"'s are unit vectors spanning a sphere, they will vanish: has zeros at r = 1, 
and the rest vanish when r = 0. In addition v}, and i^ have zeros coming from the angular 
dependence. At the location of the zeros of the five-dimensional solution will be singular. 

It is worth asking whether by turning on fluxes we can improve the current predicament. In 
the null case, this will have no repercussions, since the equation for 7^2 is insensitive to any flux. In 
the time-like case with SU(2) structure, it appears at first, that by adding fluxes G\, one could 
make a difference. However, the flux O^ is constrained by d(u°'G\^ = 0. With the m°'s spanning at 
least a two-sphere, all components of the self-dual two-form Gg" are set to zero, and no additional 
source term is generated for H2- 

We have explored a few other solutions. Another simple way to generate negative curvature 
spaces is to consider cones over spheres. For instance 

dsl = r^idr^ + Ar'^dn2), (5.14) 

with ii" spanning 5^ is compatible both with supersymmetry and with the gravitating vector 
sigma-model equations. 

Rrr = 0, Ree = -1, (5.15) 
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provided that 

A{B + 2f = 8, A>0. (5.16) 
In this case, solving for 7i2 = 'H2{r) yields 

n2 = Re , (5.17) 

which has an infinite number of nodes. As has been explained before, the five-dimensional solution 
built on the three-dimensional manifold (|5.14|) will be singular at the location of these nodes. 
Lastly, we have investigated a warped three dimensional manifold 

dsl = dy^ + y2e2*(-)(dr2 ^ ^2^^2) (5_-^g) 

and with = (sin('(/'(r)) sin (/>, sin('(/'(r)) cos 0, cos('(/'(r)), 0, 0). Given that the supersymmetry con- 
straint is satisfied, we move onto the gravitating vector sigma-model equations. The warp factor 
is the only choice up to y-translations which solves 

Ryy = (5.19) 

other than a trivial warping = 1. This time can be a function of both r and y. We found 
solutions using separation of variables, = h{r)h{y). It turns out, however, that if h{y) has no 
zeros, then h{r) will, and vice versa. 

As a final comment, we would like to mention that we have inquired about the existence of 
generic SO (4) structure solutions. Under the simple assumptions of a rigid /° and of a flat four- 
dimensional base with all fields depending on a single variable, the only solutions to the Bianchi 
identities and equations of motion compatible with the supersymmetry constraints turned out to 
be trivial, with /" = constant and / = constant. It remains to be seen whether there are any large 
classes of solutions with SO (4) structure yet to be found. 
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A Fierz Identities 

The determination of the structure groups, as well as the explicit construction of the solutions, 
requires consideration of the algebraic identities satisfied by the spinor bilinears. These identities 
are essentially Fierz identities, and are obtained by using the five-dimensional Fierz relation 

4(eie2)(e3e4) = (e-ie4)(e3e2) + (eirpe4)(e3r^e2) - \{eiT p^ei){e^TP'' e^), (A.l) 

where the USp(4) indices have been hidden. 

Although a great number of identities may be obtained, we only highlight some of the more 
useful ones here. Furthermore, as was done in the body of the paper, we use a S0(5) notation for 
the bispinors 

/, r, K^, V;, ^f,, (A.2) 

which were defined in 1)2. 13() . Note that (when considered as tangent space indices) the spacetime 
indices ... take values in S0(l,4), while indices a,b,... are valued in S0(5). Because of 
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this similarity in groups, the Fierz identities exhibit a formal symmetry under the interchange of 
spacetime and internal space indices along with the exchange f"" <-> Kf^. 

We organize the algebraic identities according to the number of open spacetime and internal 
space indices. For the scalar-singlet combination, we have 

(K.f = -irf, (A.3) 

{Vp' = -5/2 + 4(r)2, (A.4) 

KO' = 5f + ir?- (A.5) 

The first identity above demonstrates that the Killing vector is nowhere spacelike. For the 
vector-singlet case, we have 

fK^ = (A.6) 

fK, = ^e/P^-$f^ci>f^ (A.7) 

while the scalar-5 case yields 

/r = -K^'Vp (A.8) 

Turning to cases with additional open indices, we start with the vector-5 relations 

l_^^.pX.^abcde^bc^^de^ = fV^ + rX^, (A.IO) 

i^afe^.fe = fV^-rK^. (A.ll) 
Next, we find that the scalar-symmetric tensor (1 -|- 14) combination gives 

l^ac^^ubc ^ _^fafb ^^ab^^jc^2 ^2f). (A.13) 

Note that contraction with the S0(5) invariant tensor 6°'^ gives the singlet identities (|A.4() and 
HA.5|) above. The flipped version of (|A.12I) is the tensor-singlet combination 

V^V,- = K^K, + g,Airf - f)- (A.14) 
Turning next to the vector-antisymmetric tensor (10) combination, we find 

K'^^i = -Ig'^bcdeyMc^rfe^ (A.15) 

^^.^afe = (A.16) 
The latter equation has a flipped tensor-5 version 

Finally, a couple of useful tensor- 10 relations are 

P^^Kp'^tr = -e"/'=$;^t> (A.18) 



e^^P^'^Kp'^t = 4V;i"Fj'] - 2/<,- (A.19) 
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For more complicated combinations, we do not perform a complete decomposition into irre- 
ducible representations, but merely list the number of spacetime and internal space indices accord- 
ing to spacetime, # internal). In the (3, 1) and (3,2) categories, we have 

1^;Ca = -2g^[A.M-f'K^]) + e,,,x'''V^K^, (A.20) 

K^^li = -25^[,(ryi'-/V,'|)-e^,A^'^y;y,^ + ie"y;^.f,. (A.21) 

These identities are useful for deducing the basic properties of the two-form Additional 

information on <I>"^ and its relation to SU(2) or structure can be obtained from the (1,4) 
identity 

(A.22) 

as well as the (2, 2) identity 

- 2/$- . (A.23) 

A contraction on the internal indices results in the (2, 0) counterpart of HA.13|) 

i^ab^^xab ^ _^K,K, - g,Airf + 2f). (A.24) 

The identities with more open indices are rather tedious, but useful for completing the determination 
of the structure. In the (4, 2) category, we have 

^plK'i^ = ^,.pAf^''yx^-S''''fKx) + {g,pgua-g,.gup)i-rf'' + S'''f) 
+6''\K^Kpg^^ + K^K^g^p - K^Kpg^^ - K^K^g^p] 

- [ypVpgua + V^V^g^p - V^V^gp^ - V'pV^g.p] , (A.25) 
while the opposite (2, 4) case gives a similar expression 

+ [VpV^6'"^ + Vl^V^d"" - V;:V^6'"^ - VI^V^^S^"] . (A.26) 



B Differential identities 

Here we provide the complete set of differential identities obtained from the action of the dilation 
and gravitino variations on the USp(4) bispinors. We recall that the USp(4) valued scalar, vector 
and tensor bispinors were defined in 1)2. 12() as 

^.fe) = it-tp^e^. (B.l) 
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These may be split into irreducible SO (5) representations according to 



Although the dilatino variation ()2.7() does not lead to derivatives on e*, we nevertheless consider 
the resulting expressions as 'differential' identities to distinguish them from kinematical or Fierzing 
relations. By taking e*{l, F^, r^,y}(5x"' = 0) we obtain 

= K'^d^cj), (B.3) 
= v^'^d^cP+^eVS'^^'ltF'"''', (B.4) 

= e~^'''^''^lGf"' + ^e^'^e''^'''^^^''^^F^"'^, (B.5) 
= /9^0 + ^e-76*G^,K- + ^e76V;,l-^^ (B.6) 
= ^e-75^G^,y- + -|e^^i^;,i^'^-^e75V^^P-F,\<, (B.7) 

(B.8) 

-^e75*e^,,^,F,"^F^-, (B.9) 
-^e7a^e,.Ap.F^^"i^. - f^eVE^f^^^^F^ (B.IO) 
-^eTf^g^/P-iTj^y^^] + _i.e7g<^e"cI>g|^|F^^]. (B.ll) 



The true differential identities are obtained by taking a covariant derivative of the bilinears (|B.2|) , 
and then using the gravitino variation (|2.6|) to reexpress V^e* in terms of algebraic expressions. 
The result is 



2 J, „ 1 



V^/ = -ie-vn^G^^K'^ + ieVE^F^.V"', (B.12) 
^eTsV-^r, (B.14) 



1 J, ,1 



fe^'^/F;, - ie75*(5^,cD-^ - 25.^$^."^ - ^g,p<^t)F"' \ (B.15) 
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+i(-25M.'5^]5'^° - ^f,^I]5^ + 45^^r^5^])e^ Vi'^F,^] . (B.16) 

The above dilatino and gravitino equations simplify when combined. Using a form notation, we 
first have the 'zero form' expressions 



ixdcj) = 0, 



The one-form differential identities are 



1 



while the two-form differential identities are 

d{e~^'^K) = i^(e"^'^*G)-2(e"76<^/«)F^ 
d{e^^K) = -iv4e^'^*F'')+e~^^fG-e^'^f''F'', 
die^W'') = -iK{e^^*F^) + {e~^^r)G-e^''^fF^, 

In addition, the symmetrized rank two equations are 



V(^K,) = 0, 



B.17) 
B.18) 

B.19) 

B.20) 
B.21) 
B.22) 
B.23) 

B.24) 
B.25) 
B.26) 
B.27) 

B.28) 
B.29) 



V(^C) = -li9,u^f^-3g,,K''.-39up%i)eVB''FP-''. 

In particular, we see that K^^ identically satisfies the Killing equation. Finally, we may obtain 
expressions involving the two-form ^"■^ 

Equations ()B.17|) through ()B..SO|) . along with the covariant derivative on given in (lBJ6l) for m 
a complete set of differential identities. 

Note that, by taking an exterior derivative of (|B.20|) . I|B.22|) . HB.24|) and (|B.26|) . and by using 
the relation C = dix + ^Kd for the Lie derivative, we may obtain 

CkG = 0, (B.31) 
LkF" = 0, (B.32) 

CK{e~^^*G) = iK[d{e~^'^*G)-F'' AF"], (B.33) 

CK{e^^*F'') = iK[d{e^^*F'')-F^ AG]. (B.34) 
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The last two lines vanish by the gauge field equations of motion. These expressions, along with 
(|B.17|) and the Killing equation ()B.28|) . ensure that the isometry generated by K extends to the 
entire solution. Finally, using (|B.26|) along with the Fierz identity (|A.8|) . we may also deduce that 

CKie'^^V) = 0. (B.35) 
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